We show that the analyticity of semigroups (Tt) t 0 of (not necessarily positive) selfadjoint contractive Fourier multipliers on L p -spaces of any abelian locally compact group is preserved by the tensorisation of the identity operator IdX of a Banach space X for a large class of K-convex Banach spaces, answering partially a conjecture of Pisier. The result is even new for semigroups of Fourier multipliers acting on L p (R n ). The proof relies on the use of noncommutative Banach spaces and we give a more general result for semigroups of Fourier multipliers acting on noncommutative L p -spaces. Finally, we also give a somewhat different version of this result in the discrete case, i.e. for Ritt operators.
Introduction
In the early eighties, in a famous paper on the geometry of Banach spaces, Pisier [Pis3, Theorem 2.1] showed that a Banach space X does not contain ℓ 1 n 's uniformly if and only if the tensorisation P ⊗ Id X of the Rademacher projection (1)
induces a bounded operator on the Bochner space L 2 (Ω 0 , X) where Ω 0 is a probability space and where ε 1 , ε 2 , . . . is a sequence of independant random variables with P(ε k = 1) = P(ε k = −1) = 1 2 . Such a Banach space X is called K-convex. The heart of his proof relies on the fact, proved by himself in his article, that if X is a K-convex Banach space then any weak* continuous semigroup (T t ) t 0 of positive unital 1 selfadjoint Fourier multipliers on a locally compact abelian group G induces a strongly continuous bounded analytic semigroup (T t ⊗ Id X ) t 0 of contractions on the Bochner space L p (G, X) for any 1 < p < ∞. In 1981, in the seminars [Pis1] and [Pis2] which announced the results of his paper, he stated several natural questions raised by his work. In particular, he conjectured [Pis1, page 17] that the same property holds for any weak* continuous semigroup (T t ) t 0 of selfadjoint contractive operators on L ∞ (Ω) where Ω is a measure space. Note that it is well-known [Ste, III2 Theorem 1] that such a semigroup induces a strongly continuous bounded analytic semigroup of contractions on the associated L p -space L p (Ω) and the conjecture says that the property of analyticity is preserved by the tensorisation of the identity Id X of a K-convex Banach space X. Finally, Pisier showed that the K-convexity is necessary for some semigroups of Fourier multipliers.
We refer to the authoritative book [HvNVW, Problem P.4 ] where this problem is explicitly stated with the additional assumptions of positivity and preservation of the unit, to [Xu1, Problem 11 ] for a more general question, to [Arh2] , [Arh3] , [DJT, Chapter 13] , [Fac] , [Hin] , [LLM] , [Mau] , [Pis1] , [Pis2] and to the recent preprint [Xu2] .
Using noncommutative Banach space theory (see [ER] , [Pau] and [Pis7] ), a quantised theory of Banach spaces, we are able to make progress on this purely Banach space question. First of all, let us recall that a noncommutative Banach space E is just a Banach space equipped with an isometric linear embedding E ֒→ B(H) into the space of bounded operators on a Hilbert space H, that is a realization of E as a space of bounded operators. For this reason, noncommutative Banach spaces are called operator spaces. The morphisms in this category are the completely bounded maps. Moreover, the notion of K-convexity admits a noncommutative analog for operator spaces, the OK-convexity. An operator space E is OK-convex if the Rademacher projection (1) induces a completely bounded map P : L 2 (Ω 0 , E) → L 2 (Ω 0 , E). This notion was introduced by [JP] . The following result describes our first main result (Theorem 11) in the very particular case of the group R n .
Theorem 1 Let
Note that it is unknown if any K-convex Banach space X is isomorphic to a OK-convex operator space and we conjecture that is this is indeed the case, see Conjecture 13. From our point of view, our result reduce the analysis of the analyticity of semigroups of selfadjoint contractive Fourier multipliers on Bochner spaces to a independent intriguing question concerning the links between the category of Banach spaces and the category of noncommutative Banach spaces (i.e. operator spaces). Note, in most concrete cases, it is easy to check the additional condition on the K-convex X of the theorem since in Section 5 we show very good stability properties for this assumption.
Our result admits a generalization for (second countable) abelian locally compact groups, see Corollary 14 and even more generally for (unimodular second countable) amenable locally compact groups and their noncommutative L p -spaces, see Theorem 11. In this last context, the assumption reduces purely and simply to the OK-convexity. Consequently, we have a better understanding of the situation in the noncommutative case than in the classical case of L pspaces of measures spaces and it is rather surprising. Note that in [Arh3] , we have proved a particular case in the case of amenable discrete groups and that in [Arh5] , we will examine the case of non-amenable groups. Finally, at our knowledge, our paper and our previous work [Arh3] are the only papers which give applications of noncommutative Banach space geometry to classical Banach space theory which are not covered by classical methods.
We will also establish an (somewhat different) analogue of our main result for some Fourier multipliers which are Ritt operators acting on L p -spaces, see Theorem 17 and a similar result for Schur multipliers, see Theorem 19. The class of Ritt operators can be regarded as the discrete analogue of the class of bounded analytic semigroups. Again, our noncommutative methods have consequences in classical setting of L p -spaces of measure spaces and allows us to go beyond the main result of [LLM] . We refer to [Arh4] , [AFM] , [ALM] , [Bl1] , [Bl2] , [HvNVW, , [LLM] , [LM1] , [Lyu] , [NaZ] and to the recent preprint [Xu2] and references therein for more information on Ritt operators.
The paper is organized as follows. Section 2 gives background and describes indispensable tools. We introduce here some notions which are relevant to our paper.
The next section 3 contains a proof of our main result Theorem 11 for semigroups and we also describe implications for semigroups of Fourier multipliers on abelian locally compact groups. Finally, in Section 4, we describe and show results for the discrete case, i.e. for some Fourier multipliers or Schur multipliers which are Ritt operators. In Section 5, we examine the class of K-convex Banach spaces which are isomorphic to OK-convex operator spaces. We show the stability under the usual operations: duality, interpolation, ultrapower, etc.
Peliminaries
Bounded analytic semigroups Let X be a Banach space. A strongly continuous semigroup (T t ) t 0 is called bounded analytic [ABHN, Definition 3.7.3] if there exist 0 < θ < π 2 and a bounded holomorphic extension
where Σ θ = {z ∈ C * : |arg(z)| < θ} denotes the open sector of angle 2θ around the positive real axis R + . We refer to the books [ABHN] , [HvNVW] , [EN] and [Haa] for more information. If A is an unbounded operator on X then −A is the infinitesimal generator of a bounded analytic semigroup if and only if A is sectorial of type < π 2 . We warn the reader that the terminology varies somewhat in the litterature and that the notions of "bounded analytic semigroup" are "analytic semigroup" are different.
We need the following theorem which is a corollary [Pis3, Theorem 1.3 and Footnote (1)] of a result of Beurling [Beu, Theorem III] , see also [Pis1, Theorem 2.1], [Fac, Corollary 2.5] and [Hin] . This result gives a sufficient condition on a semigroup of contractions to ensure that this semigroup is bounded analytic.
Theorem 2 Let X be a Banach space. Let (T t ) t 0 be a strongly continuous semigroup of contractions on X. Suppose that there exists some integer n 1 such that for any t > 0
Then the semigroup (T t ) t 0 is bounded analytic.
Operator spaces and noncommutative L p -spaces The readers are referred to [ER] , [Pau] , [Pis5] and [Pis7] for details on operator spaces and completely bounded maps and to the survey [PX] for noncommutative L p -spaces and references therein. If T : E → F is a completely bounded map between two operators spaces E and F , we denote by T cb,E→F its completely bounded norm.
Note the following classical extension properties of some linear maps between noncommutative L p -spaces. See e.g. [ArK, Lemma 3.20] for the second part.
Proposition 3 Let M and N be von Neumann algebras equipped with normal semifinite faithful traces.
1. Let T : M → N be a trace preserving unital normal completely positive map. Suppose 
Recall the notation T
. Let M be a von Neumann algebra equipped with a normal semifinite faithful trace τ . Suppose that T : M → M is a normal contraction. We say that T is selfadjoint if for any
In this case, it is not hard to show that the restriction
between noncommutative L p -spaces, associated with approximately finite-dimensional von Neumann algebras M and N , is regular if for any operator space E, the map
Groups von Neumann algebras and Fourier multipliers
Here we use the notation of [ArK] and we refer to this paper for more information and references. Let G be a locally compact group equipped with a fixed left invariant Haar measure µ G . For a complex measurable function g :
exists for almost all t ∈ G and for which the resulting function g * f belongs to L 2 (G), and for such f , we let
. Let VN(G) be the von Neumann algebra generated by the set λ(g) : g ∈ L 1 (G) . It is called the group von Neumann algebra of G and is equal to the von Neumann algebra generated by the set {λ s : s ∈ G} where
is the left translation by s.
where the latter integral is understood in the weak operator sense.
In this paper, we shall limit ourselves to unimodular groups to avoid technical issues concerning modular theory. Let G be a unimodular locally compact group. Recall that in this case the Plancherel weight τ G on VN(G) is tracial. Suppose 1 p ∞. We say that a (weak* continuous if
In this case, we let M φ def = T .
Schur multipliers Suppose 1 p < ∞. Let us remind the definition of a Schur multiplier on S
p Ω called the Schur multiplier associated with φ. We refer to the surveys [ToT1] and [Tod1] for the case p = ∞.
Let G be a locally compact group. The right regular representation 
Transference We need the following transfer results [NR] [CDS] between Fourier multipliers and Schur multipliers. Let E be an operator space. For any 1 p ∞, if G is a (unimodular) second countable 2 amenable locally compact group, by a straightforward generalization of [CDS] , we have the following relations between Fourier multipliers and Schur multipliers
The following is a vector-valued version of [LaS, Theorem 1.19 ] obtained with a similar argument. 
Proposition 4 Let µ be a σ-finite
.
2. We warn the reader that the proof of [CDS, Theorem 5 .2] is only valid for second countable groups. The proof uses Lebesgue's dominated convergence theorem in the last line of page 7007 and this result does not admit a generalization for nets.
K-convexity and OK-convexity If X is a K-convex Banach space, we introduce the constant of K-convexity of X by
It is well-known, e.g. [DJT, Theorem 1.12 ] that the map (1) extends to a bounded projection
and that a Banach space X is K-convex if and only if P p ⊗ Id X extends to a bounded operator on L p (Ω 0 , X). Moreover, in this case, we have for some universal constants
We say that an operator space E is OK-convex if the vector-valued Schatten space S p (E) is K-convex for some (equivalently all) 1 < p < ∞.
Lemma 6 Let 1 < p < ∞ and let E be an OK-convex operator space. There exists a constant C > 0 such that whenever M is an approximately finite-dimensional von Neumann algebra equipped with a faithful normal semifinite trace then the space
Proof : Since the operator space E is OK-convex, the Banach space Pis5, (3.1) and (3.6)], this complete boundedness implies that
Using (6), the end of the proof is obvious.
Projections and K-convexity We will use the following result of Pisier [Pis3, Theorem 3.1].
Theorem 7 Let X be a K-convex Banach space. There exists a constant C > 0 only depending on the K-convexity constant K(X) such that for any integer n 1 and for any n-tuple (P 1 , . . . , P n ) of mutually commuting contractive projections on X we have
Moreover, we recall the following lemma [Pis3, Lemma 1.5] (see also [DJT, Lemma 13.12] . Then there exist a real number 0 < ρ < 2 (depending only on λ and n) such that if P 1 , . . . , P n is any finite collection of mutually commuting norm one projections on X, then
We say that Y is representable in X if for any ε > 0, each finite-dimensional subspace of Y is (1 + ε)-isomorphic to a subspace of X [DJT, page 175] . 
. This task is left the reader (adapt the method of the case 1 of the proof of [ArK, Theorem 3.24] 
Semigroups acting on L p -spaces associated to locally compact groups
Our first main result is the following theorem.
Theorem 11 Suppose that G is a (unimodular) second countable amenable locally compact group. Let (T t ) t 0 be a weak* continuous semigroup of selfadjoint contractive Fourier multipliers on the group von Neumann algebra VN(G).
Suppose that E is an OK-convex operator space. Consider 1 < p < ∞. Then (T t ) t 0 induces a strongly continuous bounded analytic semigroup
Proof : By [DCH, Corollary 1.8], since G is amenable, each Fourier multiplier M ψt def = T t is completely contractive on VN(G). By (4), we can consider the associated semigroup M HS ψt t 0 of selfadjoint contractive Schur multipliers on the space B(L 2 (G)). Since G is amenable, the von Neumann algebra VN(G) is approximately finite-dimensional. Using the part 2 of Proposition 3, we see that the map M ψt ⊗ Id E extends to a complete contraction on the space L p (VN(G), E) for any 1 < p < ∞. We deduce that
Since the symbol of a completely bounded Fourier multiplier on VN(G) is equal almost everywhere to a continuous function, see e.g. [Haa3, Corollary 3 .3], we know that the symbol 
Combining the construction of the noncommutative Markov chain of [Ric, ] (see also [HM, Theorem 5.3] ), for any t 0, we infer that the Schur multiplier ( [Ric] is hyperfinite. Hence, the von Neumann algebra N of the Rota Dilation is also hyperfinite. Note that we only need the case k = 1 in the sequel of the proof. In particular, using the notation E 
Let n be an integer. Note that we have
For any integer 1 k n, we consider the completely positive operator
on the space L p (N ⊗n ). By Proposition 3, we deduce that the Π k ⊗ Id E 's induce a family of mutually commuting contractive projections on the Banach space L p (N ⊗n , E). Now, since S p (E) is K-convex, using Proposition 10 and Lemma 8, we can fix an integer n 1 and 0 < ρ < 2 such that
Furthermore, we have
Now, using Proposition 3 in the third inequality, we obtain that
ρ n .
We deduce with Proposition 4 that
Hence, for any t 0, using transference, we finally obtain
We conclude by Theorem 2. Now, we want use this result with an abelian locally compact group G. If 1 p < ∞, note that the definition of the Bochner space L p (G, X) does not need an operator space structure on the Banach space X. So this theorem and the similar result [Arh3, Theorem 3.4] for amenable discrete groups led us to introduce the following definition.
Definition 12
We say that a Banach space X is K ′ -convex if X is isomorphic to a Banach space E such that there exists an operator space structure on E such that the vector-valued Schatten space
With the language of operator spaces, the condition on E means that the operator space E is OK-convex. In the situation of this definition, E is a closed subspace of S p (E), hence a K-convex Banach space. Since K-convexity is preserved under isomorphisms, we deduce that a K ′ -convex Banach space is necessarily K-convex. We conjecture the following.
Conjecture 13
The class of K ′ -convex Banach spaces coincides with the class of K-convex Banach spaces.
It might even be possible that each K-convex Banach space admits an OK-convex operator space structure. In Section 5, we will show that the class of K ′ -convex Banach spaces shares the same nice properties of stability under usual operations than the class of K-convex Banach spaces. This is an observation that goes in the direction of the conjecture. Now, we state the consequence for abelian locally compact groups.
Corollary 14 Suppose that G is a second countable abelian locally compact group. Let (T t ) t 0 be a weak* continuous semigroup of (not necessarily positive) selfadjoint contractive Fourier multipliers on
Proof : Note that we have a * -isomorphism of von Neumann algebras between L ∞ (G) and VN(Ĝ) whereĜ is the dual of G. Thus this corollary is a consequence of Theorem 11.
By [Lar, Corollary 0.1.1] (and a duality argument), note that a semigroup satisfying the assumptions of Corollary 14 is precisely a semigroup (T t ) t 0 defined by T t (f ) = µ t * f where (µ t ) t 0 is a family of symmetric 3 bounded measures on G with µ t 1 for any t 0, forming a convolution semigroup, i.e. such that
Thus, with a noncommutative extra assumption on X, this result gives an extension of the main result [Pis3, Theorem 1.2] of the paper of Pisier which is stated for a semigroup induced by a convolution semigroup (µ t ) t 0 of symmetric probability measures on G. In our result, we does not need that each T t is positive or that T t (1) = 1. The (unnecessary?) supplementary assumption is the price to pay to have the right to use noncommutative methods.
Ritt operators acting on noncommutative L p -spaces associated to discrete compact groups
An operator T : X → X is power-bounded if there exists a constant C 0 0 such that
Then a power-bounded T is called a Ritt operator if there exists a constant C 1 0 such that
Ritt operators can be characterized by a spectral condition, as follows. Let
be the open unit disc. For any bounded operator T : X → X, let σ(T ) denote the spectrum of T . Then T is a Ritt operator if and only if σ(T ) ⊂ D and there exists a constant K > 0 such that
See [Lyu] , [ALM] , [AFM] , [Arh4] , [Bl1] and [Bl2] and references therein. Finally, recall the following characterization.
Lemma 15 Let T be a power-bounded linear operator on a Banach space X. Then T is a Ritt operator if and only if the semigroup {e t(T −1) } t 0 is bounded analytic and Sp(T ) ⊂ D ∪ {1}.
Let I be an index set equipped with the discrete measure. Here, we will use the notation e 
We will use the following lemma which is a noncommutative analogue of [LLM, Lemma 13] 
Proof : For any positive integer n and any function a : I × I → E finitely supported, using
The next theorem is a noncommutative variant of the main result of [LLM] . Note also the result [Xu3, Theorem 5] for uniformly convex spaces and for squares of unital selfadjoint positive maps. This is our second main result. Note that we do not need any assumption of positivity in the following result. Let G be a (unimodular) 
Theorem 17
Combining the construction of the noncommutative Markov chain of [Ric] (see also [HM, Theorem 5 .3]) we infer that the Schur multiplier Z α admits a Rota dilation → N is a normal unital faithful * -representation into a von Neumann algebra (equipped with a trace) which preserve the traces, where Q : N → B ℓ 2 2mα is the conditional expectation associated with J and where the E k 's are conditional expectations onto von Neumann subalgebras of N . Recall that the von Neumann algebra Γ e −1 (ℓ 2,T ) of [Ric] is hyperfinite. Hence, the von Neumann algebra N of the Rota Dilation is also hyperfinite. In particular, if
We deduce that
Now for any l = 1, . . . , n, define P l :
Then the operator in the right-hand side of the above inequality is equal to
Since E is a conditional expectation, each P l is a contractive projection by Proposition 3. Moreover, the P l 's mutually commute. By Lemma 6, the Banach space
From Theorem 7, we deduce that the operators in (25) 
C.
C.
K ′ -convex Banach spaces
In this section, we examine the impact of usual operations on the class of K ′ -convex Banach spaces defined in Definition 12. The following result shows that this class has very good stability properties. Note these properties are also shared by the class of K-convex Banach spaces. Furthermore, this result allows use to give a lot of examples of K ′ -Banach spaces.
5) Note that Y is isomorphic to a Banach space F such that there exists an operator space
